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THE HASSE PRINCIPLE FOR FLEXES ON PLANE CUBICS AND
TORSION POINTS ON ELLIPTIC CURVES
YASUHIRO ISHITSUKA AND TETSUSHI ITO
Abstract. We study the Hasse principle for flexes on smooth cubics and torsion
points of prescribed order on elliptic curves. We show a smooth cubic over a global
field has a flex over the base field if and only if it has a flex over the completion
at all but finitely many places. We shall also show, over a global field containing
a primitive n-th root of unity, an elliptic curve has a torsion point of exact order
n over the base field if and only if it has a torsion point of exact order n over the
completion at all but finitely many places.
1. Introduction
It is a classical fact that any smooth cubic C ⊂ P2 over an algebraically closed field
k of characteristic different from 3 has exactly 9 flexes. Here, a point P ∈ C(k) is
called a flex (or an inflection point) if the tangent line at P intersects with C with
multiplicity 3. Since the work of Hesse, the flexes of smooth cubics have been studied
by many algebraic geometers. (See [2, Section 2], [6, Chapter 3] for example. See also
Appendix A.)
In this paper, we study arithmetic properties of flexes of smooth cubics. When k is
not algebraically closed, the number of k-rational flexes is usually less than 9. Thus,
a natural question is whether the flexes satisfy the Hasse principle. We answer this
question in the affirmative. More precisely, we shall prove the following theorem.
Theorem 1.1. For a smooth cubic C ⊂ P2 over a global field k, the following condi-
tions are equivalent to each other:
• C has a k-rational flex.
• C has a kv-rational flex for all but finitely many places v of k. (Here kv denotes
the completion of k at v.)
Note that, in Theorem 1.1, the characteristic of the global field k is arbitrary. Al-
though the geometric properties of flexes are different in characteristic 3, Theorem 1.1
still holds in characteristic 3 as well.
Flexes of smooth cubics are closely related to 3-torsion points on their Jacobian
varieties. Motivated by Theorem 1.1, we shall also study the Hasse principle for
torsion points of prescribed order on elliptic curves. We say a point P on an elliptic
curve E is a torsion point of exact order n if it is killed by n, but not killed by any
positive integer strictly less than n. Under some additional conditions on the global
field k, we shall show the Hasse principle holds for torsion points of exact order n on
elliptic curves over k. Here is the precise statement.
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Theorem 1.2. Let k be a global field, and m ≥ 1 a positive integer invertible in k.
Assume that k contains a primitive m-th root of unity. Let n ≥ 1 be a positive integer
satisfying one of the following conditions:
• n = m, or
• n = psm for some s ≥ 1, where p = char k > 0.
Then, for an elliptic curve E over k, the following conditions are equivalent to each
other:
• E has a k-rational torsion point of exact order n.
• E has a kv-rational torsion point of exact order n for all but finitely many
places v of k.
In Theorem 1.2, the conditions on k is necessary. For counterexamples over a number
field which does not contain a primitive n-th root of unity, see Section 7. We shall
construct such counterexamples using Ribet’s lemma [15, Proposition 2.1].
Needless to say, this work was motivated by the classical Hasse principle for rational
points on algebraic varieties. In 1951, Selmer proved the smooth cubic over Q defined
by
3X3 + 4Y 3 + 5Z3 = 0
has no Q-rational point, but it has R-rational points and Qp-rational points for all p
[16]. Since then, many people are working on the Hasse principle in various settings.
It seems that the Hasse principle for points on cubics satisfying certain properties
was not studied before. (But, when p = 2, the Hasse principle in Theorem 1.2 seems
well-known. For example, the results obtained in the proof of [12, Theorem 5 (2)] and
[13, Theorem 4.1] are equivalent to the case p = 2 of Theorem 1.2.)
Note that, although there is no logical relations, this work was also influenced by
Bhargava’s groundbreaking work [4]. Smooth cubics over Q with Q-rational flexes play
an important role in [4], and the authors were led to the problem whether the Hasse
principle holds (or fails) for flexes on smooth cubics over global fields.
The outline of this paper is as follows. In Section 2, we give group theoretic results
which are used in this paper. In Section 3, we recall well-known results on flexes on
smooth cubics, and their fields of definition. Then, we prove Theorem 1.1 in Section
4 when char k 6= 3. The case of characteristic 3 is proved in Section 5. In Section 6,
we prove Theorem 1.2. In Section 7, we give counterexamples to the Hasse principle
when some of the assumptions in Theorem 1.2 are dropped. Finally, in Appendix A,
we summarize basic results on flexes and Hessian curves of smooth cubics over fields
of arbitrary characteristics (including those of characteristic 2 or 3).
Notation. For a field k, we fix an algebraic closure of it, and we denote it by kalg.
We denote the separable closure of k in kalg by ksep. A global field means a finite
extension of the field Q of rational numbers, or a finitely generated extension of Fp of
transcendence degree 1. Here Fp is the finite field with p elements.
For each (finite or infinite) place v of a global field k, we denote the completion of
k at v by kv. We always fix an embedding k
alg into kalgv , and consider Gal(k
sep
v /kv) as
a subgroup of Gal(ksep/k). For a finite place v of k, the residue field at v is denoted
by κ(v). The (arithmetic) Frobenius element at v is defined by
Frobv(x) := x
|κ(v)|
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for x ∈ κ(v)alg = κ(v)sep. There is a canonical surjective homomorphism
Gal(ksepv /kv)→ Gal(κ(v)
sep/κ(v)),
whose kernel is denoted by Iv. For a finite groupG, we say a continuous homomorphism
ρ : Gal(ksep/k)→ G
is unramified at a finite place v if ρ(Iv) is trivial. When ρ is unramified at v, let
F˜robv ∈ Gal(k
sep
v /kv) ⊂ Gal(k
sep/k)
be a lift of Frobv. The image ρ(F˜robv) does not depend on the choice of the lift F˜robv.
We denote it by ρ(Frobv). We use similar notation for the action of Gal(k
sep/k) on a
finite set.
2. Group theoretic lemmas
In this section, we give group theoretic results which will be used in this paper.
Let F3 be the finite field with 3 elements. We consider the affine transformation
group of the 2-dimensional vector space F⊕23 over F3. By definition, it is the sub-
group of the automorphism group of the underlying set of F⊕23 generated by linear
transformations and translations. We denote it by
F⊕23 ⋊GL2(F3).
It is a semi-direct product of GL2(F3) and F
⊕2
3 .
Recall that GL2(F3) acts on F
⊕2
3 via linear transformations, and F
⊕2
3 acts on itself
via translations. An element of F⊕23 ⋊ GL2(F3) is denoted by (v, g) for v ∈ F
⊕2
3 and
g ∈ GL2(F3). The multiplication is defined by
(2.1) (v, g) · (v′, g′) := (v + g(v′), gg′).
The group F⊕23 ⋊GL2(F3) acts on w ∈ F
⊕2
3 by
(2.2) (v, g) · w = v + g(w).
The following result will be used in the proof of Theorem 1.1 when char k 6= 3.
Lemma 2.1. Let G ⊂ F⊕23 ⋊ GL2(F3) be a subgroup such that every element g ∈ G
fixes at least one element of F⊕23 . Then there is an element v ∈ F
⊕2
3 fixed by all the
elements of G.
Proof. The assertion can be checked using a computer. The authors confirmed it
using GAP. The group F⊕23 ⋊ GL2(F3) has exactly 46 subgroups, up to conjugacy. It
can be checked that the assertion holds for every subgroup of F⊕23 ⋊GL2(F3). 
Next, we shall study group theoretic properties of subgroups of SL2(Z/pmZ) for a
prime number p and a positive integer m ≥ 1. The group SL2(Z/pmZ) acts naturally
on (Z/pmZ)⊕2. We say an element of (Z/pmZ)⊕2 is primitive if it is not killed by pm−1.
Lemma 2.2. Let p be a prime number, and m ≥ 1 a positive integer. Let G ⊂
SL2(Z/pmZ) be a subgroup. Assume that every element g ∈ G fixes at least one
primitive element of (Z/pmZ)⊕2. Then there is a primitive element of (Z/pmZ)⊕2
fixed by all the elements of G.
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Proof. For each r ≥ 1, let
ψr : SL2(Z/p
mZ)→ SL2(Z/p
rZ)
be the homomorphism obtained by reduction modulo pr. If G is not contained in
kerψ1, we put s = 0. Otherwise, let s ≥ 1 be the largest positive integer such that G
is contained in kerψs.
First, we note that the trace of every element of G is 2. To see this, we take an
element g ∈ G. Since g fixes a primitive element of (Z/pmZ)⊕2, it is represented by a
matrix of the form
(
1 u
0 v
)
for some u and v. Since det g = 1, we have v = 1. Hence
we have tr g = 2.
We take an element g1 ∈ G which is not contained in kerψs+1. Then the element u
is divisible by ps, but not divisible by ps+1. Changing the basis of (Z/pmZ)⊕2, we may
assume g1 =
(
1 ps
0 1
)
.
We claim every element of G is an upper triangular matrix. It is enough to prove
the claim because if it is proved, every element of G is of the form
(
a b
0 d
)
. We have
a = d = 1 because it has determinant 1 and it fixes at least one primitive element
of (Z/pmZ)⊕2. Then,
(
1
0
)
is fixed by all the elements of G, and the assertion of the
lemma is proved.
We shall prove the claim. We take an element h =
(
a b
c d
)
∈ G. Then we have
g1h =
(
a+ psc b+ psd
c d
)
.
Since trh = 2 and tr(g1h) = 2, we have p
sc = 0. Therefore, the claim is proved when
s = 0.
It remains to prove the claim when s ≥ 1. In this case, since h ∈ kerψs, we have
h =
(
1 + psa′ psb′
psc′ 1 + psd′
)
for some a′, b′, c′, d′ ∈ Z/pmZ. Take a positive integer t ≥ 1 with
t(1 + psd′) ≡ 1 (mod pm−s).
Multiplying g−b
′t
1 from the left, we have
g−b
′t
1 h =
(
1 + psa′′ 0
psc′ 1 + psd′
)
for some a′′ ∈ Z/pmZ. Let x ∈ (Z/pmZ)⊕2 be a primitive element fixed by g−b
′t
1 h.
Then we have
g−b
′t
1 hx = x ⇐⇒ p
s
(
a′′ 0
c′ d′
)
x = 0
Thus we have
det
(
a′′ 0
c′ d′
)
= a′′d′ ∈ pm−sZ/pmZ.
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Similarly, multiplying gt1 from the left, we have
gt−b
′t
1 h =
(
1 + psa′′ + tp2sc′ ps
psc′ 1 + psd′
)
.
Since tr(g−b
′t
1 h) = tr(g
t−b′t
1 h) = 2, we have tp
2sc′ = 0. Hence we have
det
(
a′′ 1
c′ d′
)
= a′′d′ − c′ ∈ pm−sZ/pmZ.
Therefore, we have c′ ∈ pm−sZ/pmZ. This implies psc′ = 0, and the matrix h is
upper triangular. 
The following result is a slight generalization of Lemma 2.2. Let n ≥ 1 be a positive
integer. As before, we say an element of (Z/nZ)⊕2 is primitive if it is not killed by
any positive integer strictly less than n.
Lemma 2.3. Let n ≥ 1 be a positive integer, and G ⊂ SL2(Z/nZ) a subgroup.
Assume that every element g ∈ G fixes at least one primitive element of (Z/nZ)⊕2.
Then there is a primitive element of (Z/nZ)⊕2 fixed by all the elements of G.
Proof. The assertion follows from Lemma 2.2 by Chinese Remainder Theorem. 
3. On the field of definition of flexes on smooth cubics
Let k be a field, and C ⊂ P2 a smooth cubic over k. Let
FlexC ⊂ C(k
alg)
be the set of kalg-rational flexes on C. Let
He(C) ⊂ P2
be the Hessian curve of C, which is a (not necessarily smooth) cubic over k.
Here, when char k 6= 2, the Hessian curve He(C) is defined by the determinant of
the Hessian matrix of the defining equation of C. But, when char k = 2, we need
to modify its definition because the determinant of the Hessian matrix vanishes in
characteristic 2. (See Appendix A for details.)
In this section, we use the following property of the Hessian curve: a point P on C
is a flex if and only if P lies on He(C); see Proposition A.4. Thus, we have
FlexC = (C ∩He(C))(k
alg).
Lemma 3.1. Let k be a field, and C ⊂ P2 a smooth cubic over k. Let Jac(C) be the
Jacobian variety of C, which is an elliptic curve over k. Let Jac(C)[3] be the group of
kalg-rational points on Jac(C) killed by 3.
(1) There is a (non-canonical) bijection between FlexC and Jac(C)[3].
(2) If there is a k-rational flex on C, then there is a bijection between the set of
k-rational flexes on C and the set Jac(C)[3](k) of k-rational points on Jac(C)
killed by 3.
(3) If char k 6= 3, there are exactly 9 flexes on C, and all of them are defined over
ksep.
(4) If char k = 3, the number of flexes on C is either 1 or 3. It is 1 (resp. 3) if and
only if Jac(C) is a supersingular (resp. an ordinary) elliptic curve.
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Proof. We briefly give a sketch of the proof. These results are certainly well-known,
at least when char k 6= 2, 3.
(1) The smooth cubic C has at least one flex; see Proposition A.4 (2). We fix one,
and denote it by P0 ∈ FlexC . We denote the tangent line at P0 by GP0 = 0 for a linear
form GP0 ∈ k
alg[X, Y, Z].
Let us construct a bijection. For a kalg-rational flex P ∈ FlexC , let GP = 0 be the
tangent line at P . Since div(GP/GP0) = 3P −3P0, the divisor P −P0 gives an element
of Jac(C)[3]. Conversely, every element of Jac(C)[3] is represented by a divisor of
the form P − P0 such that 3P − 3P0 is linearly equivalent to 0; see [11, Chapter III,
Theorem 4.11]. Take a rational function G1/G2 on C with div(G1/G2) = 3P − 3P0.
Then G1 is a linear form, and the divisor on C cut out by the line G1 = 0 is 3P . Thus
P is a kalg-rational flex on C.
(2) The assertion is proved by the same way as in (1).
(3) Since char k 6= 3, we have Jac(C)[3] ∼= (Z/3Z)⊕2. Hence C has exactly 9 flexes
by (1). Since both C and He(C) are cubics over k, counting the multiplicities, we see
that every kalg-rational point of C ∩ He(C) has intersection multiplicity 1. Thus, the
k-scheme C ∩ He(C) is geometrically reduced, and every kalg-points on it is defined
over ksep.
(4) The assertion follows from (1) because, when char k = 3, we have Jac(C)[3] = 0
(resp. Jac(C)[3] ∼= Z/3Z) if and only if Jac(C) is a supersingular (resp. an ordinary)
elliptic curve. 
Remark 3.2. The first assertion of Lemma 3.1 (3) was stated in [11, Chapter IV,
Example 4.8.3] under the additional assumption char k 6= 2. The above proof shows it
holds also in characteristic 2. (See also [2, Section 2].)
Remark 3.3. For a smooth cubic C ⊂ P2 over a field k of characteristic p > 0 defined
by F (X, Y, Z) = 0, its Jacobian variety Jac(C) is supersingular if and only if the
coefficient of (XY Z)p−1 in F (X, Y, Z)p−1 is 0; see [11, Chapter IV, Proposition 4.21].
Example 3.4. In characteristic 3, it is not always the case that all the flexes are
defined over an separable closure of the base field. Here we give several examples of
smooth cubics over the field F3(T ) of rational functions over F3. For a smooth cubic C
over F3(T ), the number of flexes on C defined over F3(T )sep (resp. F3(T )alg) is denoted
by Nsep (resp. Nalg). By Lemma 3.1 (4), Nalg is either 1 or 3. We have Nalg = 1 (resp.
3) if and only if Jac(C) is supersingular (resp. ordinary). There are 5 possibilities for
the pair (Nsep, Nalg):
(Nsep, Nalg) ∈ { (0, 1), (0, 3), (1, 1), (1, 3), (3, 3) }.
We shall give an example of a smooth cubic over F3(T ) for each of these pairs. Define
the smooth cubics
C1, C2, C3, C4, C5 ⊂ P
2
over F3(T ) by
C1 : XY
2 −X2Z = Z3 − TY 3,
C2 : T
2X3 + TY 3 + Z3 +XY Z = 0,
C3 : Y
2Z = X3 +XZ2 + Z3,
C4 : Y
2Z = X3 +X2Z + TZ3,
C5 : Y
2Z = X3 +X2Z + Z3.
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Their Hessian curves are defined by the following equations:
He(C1) : X
3 = 0,
He(C2) : XY Z = 0,
He(C3) : Z
3 = 0,
He(C4) : (X − Y )(X + Y )Z = 0,
He(C5) : (X − Y )(X + Y )Z = 0.
It is easy to see that Jac(C1) and Jac(C3) are supersingular, and Jac(C2), Jac(C4),
and Jac(C5) are ordinary; see Remark 3.3. The flexes on these cubics are summarized
in the following table:
Cubic Nsep Nalg Flexes
C1 0 1 [0 : 1 : T
1/3]
C2 0 3 [0 : 1 : −T
1/3], [1 : 0 : −T 2/3], [1 : −T 1/3 : 0]
C3 1 1 [0 : 1 : 0]
C4 1 3 [0 : 1 : 0], [−T
1/3 : T 1/3 : 1], [−T 1/3 : −T 1/3 : 1]
C5 3 3 [0 : 1 : 0], [−1 : −1 : 1], [−1 : 1 : 1]
4. Galois actions on flexes on smooth cubics (1)
In this section, we shall prove Theorem 1.1 when char k 6= 3. In this case, all the
flexes are defined over ksep by Lemma 3.1 (3). Thus we can study the existence of
k-rational flexes via the action of the absolute Galois group Gal(ksep/k).
We shall first show, when char k 6= 3, the action of Gal(ksep/k) on the 9 flexes of a
smooth cubic C factors through the affine transformation group F⊕23 ⋊GL2(F3). This
result is certainly well-known, at least in characteristic 0; see [10, p.694] for example.
Proposition 4.1. Let k be a field with char k 6= 3, and C ⊂ P2 a smooth cubic over
k. There is a continuous homomorphism
ρC,flex : Gal(k
sep/k) // F⊕23 ⋊GL2(F3)
and a bijection between FlexC and F
⊕2
3 so that the action of Gal(k
sep/k) on FlexC is
identified with the action of Gal(ksep/k) on F⊕23 via ρC,flex.
Proof. By Lemma 3.1 (3), C has exactly 9 flexes, and all of them are defined over
ksep. Since char k 6= 3, every torsion points on Jac(C) killed by 3 are defined over
ksep. We fix an isomorphism Jac(C)[3] ∼= F⊕23 as F3-vector spaces, and consider the
continuous homomorphism
ρJac(C),3 : Gal(k
sep/k) // AutF3(Jac(C)[3])
∼= GL2(F3)
associated with the action of Gal(ksep/k) on Jac(C)[3].
We fix a flex P0 ∈ C(k
sep). By the proof of Lemma 3.1 (1), the map
ψ : FlexC // Jac(C)[3] ∼= F
⊕2
3
which send a flex P ∈ C(ksep) to the class of the divisor P − P0 is a bijection.
We define a map
ϕ : Gal(ksep/k) // Jac(C)[3] ∼= F⊕23
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by σ 7→ ϕ(σ) := σP0 − P0.
Then we define a map
ρC,flex : Gal(k
sep/k) // F⊕23 ⋊GL2(F3)
by ρC,flex(σ) := (ϕ(σ), ρJac(C),3(σ)). It is a group homomorphism because
ρC,flex(σσ
′) = (ϕ(σσ′), ρJac(C),3(σσ
′))
= (σ(σ′P0 − P0) + (σP0 − P0), ρJac(C),3(σ)ρJac(C),3(σ
′))
= (ρJac(C),3(σ)ϕ(σ
′) + ϕ(σ), ρJac(C),3(σ)ρJac(C),3(σ
′))
= ρC,flex(σ)ρC,flex(σ
′).
for σ, σ′ ∈ Gal(ksep/k); see (2.1).
We shall calculate the action of Gal(ksep/k) on the both hand sides of the bijection
ψC . For a flex P ∈ FlexC and σ ∈ Gal(k
sep/k), we have
ψ(σP ) = σP − P0
= (σP0 − P0) + σ(P − P0)
= ϕ(σ) + ρJac(C),3(σ)ψ(P )
= ρC,flex(σ)ψ(P ).
(See (2.2).) Hence the assertion is proved. 
We shall prove Theorem 1.1 when char k 6= 3.
Proof of Theorem 1.1 (when char k 6= 3). It is enough to show that the second
condition implies the first condition. Assume that char k 6= 3, and the second condition
of Theorem 1.1 is satisfied. Take a homomorphism ρC,flex as in Proposition 4.1. We
denote the image of ρC,flex by
G ⊂ F⊕23 ⋊GL2(F3).
This group acts on F⊕23 via affine transformations.
By Chebotarev’s density theorem (see [7, Theorem 6.3.1]), for every element g ∈ G,
there are infinitely many finite places v of k such that ρC,flex is unramified at v and
the image ρC,flex(Frobv) of the (arithmetic) Frobenius element is conjugate to g. Since
C has a kv-rational flex, ρC,flex(Frobv) fixes at least one element of F
⊕2
3 .
By Lemma 2.1, there is an element v ∈ F⊕23 fixed by all the elements of G. This
means the ksep-rational flex Pv ∈ C(k
sep) corresponding to v is fixed by Gal(ksep/k).
Hence Pv is a k-rational flex on C. 
5. Galois actions on flexes on smooth cubics (2)
In this section, we shall prove Theorem 1.1 when char k = 3. This is an exceptional
case because the geometric properties of flexes on smooth cubics in characteristic 3
are different from those in other characteristics.
One of the difficulties in characteristic 3 is that the flexes might not be defined over
ksep; see Example 3.4. Thus we cannot directly use the action of Gal(ksep/k) to study
the fields of definition of the flexes. We can avoid this difficulty using the following
lemma. It is a consequence of Greenberg’s approximation theorem, which is a special
case of Artin’s approximation theorem.
FLEXES ON PLANE CUBICS AND TORSION POINTS ON ELLIPTIC CURVES 9
Lemma 5.1. Let k be a global field with char k > 0, and v a finite place of k. We
fix an embedding kalg →֒ kalgv . For a finite k-scheme T , every kv-rational point on T is
defined over a finite separable extension of k.
Proof. We shall give a sketch of the proof because essentially the same result was
obtained in the proof of [13, Theorem 4.1]. Let R := Ok,v ⊂ k be the discrete valuation
ring corresponding to v, and Rh the Henselization of R. Since R is an excellent discrete
valuation ring, by [9, Theorem 1], every kv-rational point on T is approximated by
a Frac(Rh)-rational point. Since T is finite over k and the extension Frac(Rh)/k is
separable and algebraic, every kv-rational point of T is defined over k
sep. (See the
proof of [13, Theorem 4.1] for details.) 
The following combinatorial result is easy and well-known. Hence the proof is omit-
ted.
Lemma 5.2. Let S3 be the symmetric group consisting of all the permutations of the
set { 1, 2, 3 }. For every subgroup G ⊂ S3, exactly one of the following holds:
• there is an element of { 1, 2, 3 } fixed by all the elements of G, or
• G contains a cyclic permutation of length 3.
Using Lemma 5.1 and Lemma 5.2, we shall prove Theorem 1.1 when char k = 3 and
Jac(C) is ordinary.
Proof of Theorem 1.1 (when char k = 3 and Jac(C) is ordinary). It is enough
to show that the second condition of Theorem 1.1 implies the first condition.
Assume that Jac(C) is ordinary, and the second condition of Theorem 1.1 is satisfied.
Let He(C) ⊂ P2 be the Hessian curve of C; see Section 3 and Appendix A. The flexes
on C are identified with the points on the k-scheme C ∩ He(C). Since C has a kv-
rational flex for some v, the k-scheme C ∩ He(C) has a kv-rational point. By Lemma
5.1, it has at least one ksep-rational point. Hence C has at least one ksep-rational flex.
Let us consider the action of Gal(ksep/k) on the set (C∩He(C))(ksep) of ksep-rational
points. Hence Jac(C)[3](ksep) is either 0 or isomorphic to Z/3Z. By Lemma 3.1 (2),
the number of elements in the set (C ∩ He(C))(ksep) is either 1 or 3.
We shall consider each of these cases separately.
• Assume that (C∩He(C))(ksep) has a unique element. It is fixed by Gal(ksep/k).
Hence C has a unique k-rational flex.
• Assume that (C∩He(C))(ksep) has 3 elements. By Lemma 5.2, Gal(ksep/k) fixes
at least one element of (C ∩He(C))(ksep), or there is an element of Gal(ksep/k)
permuting (C∩He(C))(ksep) cyclically. In the former case, C has a flex defined
over k. In the latter case, by Chebotarev’s density theorem (see [7, Theorem
6.3.1]), there are infinitely many (finite) places v of k such that the action of
Gal(ksep/k) on (C ∩ He(C))(ksep) is unramified at v, and Frobv permutes the
3 elements of (C ∩ He(C))(ksep) cyclically. It contradicts the assumption that
C has a kv-rational flex.

Finally, we shall consider the supersingular case. The following theorem is slightly
stronger than Theorem 1.1 when char k = 3 and Jac(C) is supersingular.
Theorem 5.3. Let k be a global field of characteristic 3, and C ⊂ P2 a smooth cubic
over k. Assume that Jac(C) is a supersingular elliptic curve, and C has a kv0-rational
flex for at least one place v0 of k. Then C has a k-rational flex.
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Proof. By Lemma 5.1, C has at least one ksep-rational flex. Hence (C ∩He(C))(ksep)
has at least one ksep-rational point. By Lemma 3.1 (2),(4), the set (C ∩ He(C))(ksep)
has a unique element. It is fixed by Gal(ksep/k). Hence C has a k-rational flex. 
Remark 5.4. Similar arguments as in the proof of Theorem 1.1 for the case char k = 3
appeared in the literature. For example, see the proof of [12, Theorem 5.1 (2)] for the
ordinary case, and the proof of [13, Theorem 4.1] for the supersingular case.
6. Torsion points of prescribed order on elliptic curves
In this section, we shall prove Theorem 1.2. By Chinese Remainder Theorem, it is
enough to prove the assertion in the following two cases: n is invertible in k, or n = ps
with p = char k > 0.
First, we consider the case where n is invertible in k. In this case, all the torsion
points killed by n are defined over ksep, and we can interpret the Hasse principle in
terms of the associated modulo n Galois representation.
Proof of Theorem 1.2 (when n is invertible in k). Let E be an elliptic curve
over a global field k, and n ≥ 1 a positive integer invertible in k. Assume that k
contains a primitive n-th root of unity, and E has a kv-rational torsion point of exact
order n for all but finitely many places v of k.
Since n is invertible in k, all the torsion points on E killed by n are defined over
ksep. We fix an isomorphism E[n] ∼= (Z/nZ)⊕2. The action of Gal(ksep/k) on E[n]
gives a continuous homomorphism
ρE,n : Gal(k
sep/k) // AutZ/nZ(E[n]) ∼= GL2(Z/nZ).
Since k contains a primitive n-th root of unity, the image of ρE,n is contained in
SL2(Z/nZ).
We denote the image of ρE,n by G ⊂ SL2(Z/nZ). Every element g ∈ G fixes at
least one primitive element of (Z/nZ)⊕2. In fact, for each g ∈ G, Chebotarev’s density
theorem (see [7, Theorem 6.3.1]) implies there are infinitely many finite places v of k
such that ρE,n is unramified at v, and ρE,n(Frobv) is conjugate to g. Since E has a kv-
rational torsion point of exact order n, ρE,n(Frobv) fixes at least one primitive element
of (Z/nZ)⊕2. Therefore, g also fixes at least one primitive element of (Z/nZ)⊕2.
By Lemma 2.3, there is a primitive element of (Z/nZ)⊕2 fixed by all the elements
of G. This means E has a k-rational torsion point of exact order n. 
Next, we consider the case where p = char k is positive, and n is a power of p. In
this case, we do not need additional assumptions on the global field k.
Proof of Theorem 1.2 (when n = ps with p = char k > 0). Let E be an elliptic
curve over a global field k with char k = p > 0. Let s ≥ 1 be a positive integer.
Assume that E has a kv-rational torsion point of exact order p
s for all but finitely
many places v of k. We shall show E has a k-rational torsion point of exact order ps.
By Lemma 5.1, E has a ksep-rational torsion point of exact order ps. Therefore, E
is an ordinary elliptic curve, and all the torsion points on E killed by ps are defined
over ksep. We fix an isomorphism E[ps] ∼= Z/psZ. The action of Gal(ksep/k) on E[ps]
gives a continuous homomorphism
ρE,ps : Gal(k
sep/k) // AutZ/psZ(E[p
s]) ∼= (Z/psZ)×.
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To show E has a k-rational torsion point of exact order ps, it is enough to show ρE,ps
is trivial. If it is non-trivial, we take an element a ∈ (Z/psZ)× different from 1 in the
image of ρE,ps. By Chebotarev’s density theorem (see [7, Theorem 6.3.1]), there are
infinitely many finite places v of k such that ρE,ps is unramified at v, and ρE,ps(Frobv)
is equal to a. Then, the action of ρE,ps(Frobv) = a does not fix a primitive element of
Z/psZ. It contradicts the assumption that E has a kv-rational torsion point of exact
order ps. Therefore, ρE,ps is trivial. 
7. Some counterexamples
In this section, we give some counterexamples to the Hasse principle proved in this
paper.
We first show that Theorem 1.2 does not hold in general if the assumption of the
existence of a primitive m-th root of unity in k is dropped. For simplicity, we shall
only consider the case where k is a number field and n is a prime number p. We shall
construct counterexamples using Ribet’s lemma [15, Proposition 2.1].
Proposition 7.1. Let k be a number field, and p a prime number. Assume that k
does not contain a primitive p-th root of unity. Moreover, assume that there is an
elliptic curve E over k satisfying both of the following conditions:
• E has a k-rational torsion point of exact order p, and
• Ekalg := E ⊗k k
alg does not have complex multiplication. (Here, kalg = Q.)
Then, there is an elliptic curve E ′ over k satisfying all of the following conditions:
• E ′ is isogenous to E over k,
• E ′ does not have a k-rational torsion point of exact order p, and
• E ′ has a kv-rational torsion point of exact order p for all but finitely many
places v of k.
Proof. Let TpE be the p-adic Tate module of E, and
ρ : Gal(ksep/k) // AutZp(TpE)
∼= GL2(Zp)
the p-adic Galois representation associated with E. Since Ekalg does not have complex
multiplication, the Gal(ksep/k)-representation ρ ⊗Zp Qp over Qp is irreducible. Its
reduction ρ := ρ ⊗Zp Fp is reducible, and the semisimplification ρ
ss is the direct sum
of the trivial representation and the modulo p cyclotomic character χp. (Here χp is
defined by σ · ζp = ζ
χp(σ)
p for a primitive p-th root of unity ζp.)
By Ribet’s lemma [15, Proposition 2.1] (see also [3, The´ore`me 1]), there is a Gal(ksep/k)-
stable Zp-lattice Λ ⊂ TpE such that the reduction of ρ associated with Λ
ρΛ : Gal(k
sep/k) // AutFp(Λ/pΛ)
∼= GL2(Fp)
is of the form
Gal(ksep/k) ∋ σ 7→
(
χp(σ) (∗)
0 1
)
∈ GL2(Fp)
such that the extension class (∗) does not split.
We take an elliptic curve E ′ isogenous to E over k such that the Gal(ksep/k)-module
TpE
′ is isomorphic to Λ. Then, E ′ does not have a k-rational torsion point of exact
order p because the extension class (∗) does not split. For every finite place v where
ρΛ is unramified, the matrix ρΛ(Frobv) has eigenvalue 1. Hence E has a kv-rational
torsion point of exact order p for all but finitely many places v of k. 
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Remark 7.2. By Mazur’s theorem [14, Theorem 8], there is an elliptic curve over
Q with a Q-rational torsion point of exact order p if and only if p = 2, 3, 5, or 7.
Therefore, for p = 3, 5, or 7, there is an elliptic curve over Q which does not satisfy
the conclusion of Theorem 1.2.
Next, we shall consider an analogue of Theorem 1.2 for the whole set E[n]\{0} of
non-zero torsion points killed by n. In other words, we shall ask whether the Hasse
principle holds (or fails) for non-zero torsion points killed by n, without assuming their
orders are exactly equal to n.
It turns out that, at least for some values of n, an analogue of Theorem 1.2 for the
set E[n]\{0} does not hold in general, even assuming the existence of a primitive n-th
root of unity in the global field k.
We use the following lemma.
Lemma 7.3. Let n ≥ 1 be a positive odd integer which is divisible by at least three
different prime numbers. There is a subgroup G ⊂ SL2(Z/nZ) satisfying both of the
following conditions:
• no non-zero element of (Z/nZ)⊕2 is fixed by all the elements of G, and
• for every g ∈ G, there is a non-zero element of (Z/nZ)⊕2 fixed by g.
Proof. This result is well-known. We write n = abc, where a, b, c are positive odd
integers greater than or equal to 3, and any two of them are relatively prime. We take
matrices A,B ∈ SL2(Z/nZ) satisfying A ≡ −I2 (mod ab), A ≡ I2 (mod c), B ≡ I2
(mod a), and B ≡ −I2 (mod bc). Then we have AB ≡ −I2 (mod ac) and AB ≡ I2
(mod b). Let G ⊂ SL2(Z/nZ) be the subgroup generated by A and B. It is easy to
see that G = { I2, A, B,AB } satisfies the required conditions. 
Proposition 7.4. Let n ≥ 1 be a positive odd integer which is divisible by at least
three different prime numbers. For any number field k, there is a finite extension k′/k
and an elliptic curve E ′ over k′ satisfying both of the following conditions:
• E ′ does not have a non-zero k′-rational torsion point killed by n, but
• E ′ has a non-zero k′v′-rational torsion point killed by n for all but finitely many
places v′ of k′.
Proof. We take an elliptic curve E over k such that the image of the associated
modulo n Galois representation
ρE,n : Gal(k
sep/k) // AutZ/nZ(E[n]) ∼= GL2(Z/nZ)
contains SL2(Z/nZ). (The existence of such elliptic curves is well-known. For example,
see [17, Subsection 5.5] when k = Q, and [18, Theorem 1.3] when k 6= Q.) We take
a subgroup G ⊂ SL2(Z/nZ) satisfying the conditions of Lemma 7.3. We take a finite
extension k′/k inside ksep with ρE,n(Gal(k
sep/k′)) = G. Let E ′ := E ⊗k k
′ be the base
change of E to k′. Then E ′ over k′ satisfies all the required conditions. 
Remark 7.5. Lemma 7.3 holds for other values of n. It can be shown that Lemma
7.3 holds when n = 2sm for s ≥ 1 and an odd integer m ≥ 3. However, experimental
calculations by GAP show it does not hold for some non-prime n ≥ 1 (e.g. it does not
hold for n = 4, 9, or 15). Thus, for such n, the Hasse principle for the set E[n]\{0}
holds true, where E is an elliptic curve over a global field k containing a primitive n-th
root of unity.
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Appendix A. Flexes and Hessians of smooth cubics
In this appendix, we summarize basic results on flexes and Hessian curves of smooth
cubics over fields of arbitrary characteristics. Of course, all the results in this appendix
are well-known, at least when the characteristic of the base field is different from 2, 3.
Let k be a field. Let C ⊂ P2 be a smooth cubic over k whose defining equation is
F (X, Y, Z) = 0. Recall that a point P ∈ C(kalg) is called a flex if the intersection
multiplicity at P of C and the tangent line at P is 3. The set of flexes on C defined
over kalg is denoted by FlexC ⊂ C(k
alg).
We first consider the case char k 6= 2. The Hessian matrix of F is defined by
HF :=

FXX FXY FXZFY X FY Y FY Z
FZX FZY FZZ

 .
The Hessian curve He(C) ⊂ P2 of C is the cubic over k defined by detHF = 0.
The following proposition shows He(C) is in fact a cubic curve (but it is not smooth
in general).
Proposition A.1. Assume that char k 6= 2.
(1) The determinant detHF ∈ k[X, Y, Z] of the Hessian matrix is a non-zero ho-
mogeneous polynomial of degree 3. Thus, the equation detM = 0 defines a
cubic curve; we denote it by He(C) ⊂ P2.
(2) A kalg-rational point P ∈ C(kalg) is a flex on C if and only if P lies on the
Hessian curve He(C).
Proof. These results are well-known, at least when char k 6= 2, 3; see [6, Theorem
1.1.20] for example. But, the authors of this paper could not find reasonably self-
contained references which treat the case of characteristic 3 too. Here, we shall give a
brief sketch of the proof.
By a slight abuse of notation, we consider points on P2 as column vectors. We take
P0 = [X0 : Y0 : Z0] ∈ C(k
alg). We take a point P1 = [X1 : Y1 : Z1] which lies on the
tangent line of C at P0, but not on C. We parametrize the points on the tangent line
as aP0 + bP1 for [a : b] ∈ P1(k). Let
F (aP0 + bP1) = a
3F (P0) + a
2b ∂F (P0) · P1 + ab
2QF,P0(P1) + b
3F (P1)
be the Taylor expansion of F (X, Y, Z), where
∂F (P0) =
(
FX(P0) FY (P0) FZ(P0)
)
,
QF,P0(P1) =
1
2
tP1HF (P0)P1.
Here tP1 is the transpose of P1 (i.e. it is a row vector), and HF (P0) is the Hessian
matrix at P0. We have F (P0) = 0 since P0 lies on C.
Since degFX = degFY = degFZ = 2, we have
tP0HF (P0) = 2 ∂F (P0) by Euler’s
theorem for homogeneous polynomials. If HF (P0) has a non-zero kernel and P1 lies in
the kernel, we have
∂F (P0) · P1 =
1
2
tP0HF (P0)P1 = 0,
QF,P0(P1) =
1
2
tP1HF (P0)P1 = 0.
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(Here we essentially use the assumption that char k 6= 2.) Then, we have F (aP0 +
bP1) = b
3F (P1), and the tangent line of C at P0 meets C at P0 with multiplicity 3.
Hence the common zero of HF and F is a flex on C.
Conversely, if the line through P0 and P1 is a flex line with the flex point P0 ∈ C(k)
and P1 6= P0, then F (aP0 + bP1) = 0 has a solution at b = 0 with multiplicity 3. Thus
we have
F (aP0 + bP1) = b
3F (P1), F (P0) = ∂F (P0) · P1 = QF,P0(P1) = 0.
Therefore, we have
tP0HF (P0)P0 = 6F (P0) = 0,
tP0HF (P0)P1 =
tP1HF (P0)P0 = 2 ∂F (P0) · P1 = 0,
tP1HF (P0)P1 = 2QF,P0(P1) = 0.
This gives detHF (P0) = 0. 
Remark A.2. In some literature, these results are stated under unnecessary (or rather
imprecise) assumptions on the characteristics. It should be clear from the above proof
that these results hold in characteristic 3. But, they never hold in characteristic 2.
Next, we shall consider the case of characteristic 2. In this case, the determinant of
the Hessian matrix vanishes. (In characteristic 2, the Hessian matrix is an alternating
matrix of odd size. Its determinant vanishes.) We need to modify the definition of the
Hessian curve.
We shall use Glynn’s results. In [8], Glynn gave a definition of the Hessian curve
in characteristic 2, which is closely related to the Hessian curve defined by Dickson in
1915 [5]. (See [8, Section 3] for details.)
Let k be a field of characteristic 2. Let C ⊂ P2 be a smooth cubic over k defined by
the equation
aX3 + bY 3 + cZ3 + dX2Y + eX2Z + fY 2X
+ gY 2Z + hZ2X + iZ2Y + jXY Z = 0
for a, b, c, d, e, f, g, h, i, j ∈ k. Then Jac(C) is ordinary (resp. supersingular) if and only
if j 6= 0 (resp. j = 0); see Remark 3.3. Following Glynn, we shall define the Hessian
curve He(C) ⊂ P2 of C as a (not necessarily smooth) cubic over k defined by
(dej + adi+ d2h+ aeg + e2f)X3
+ (fgj + f 2i+ bfh + dg2 + beg)Y 3
+ (hij + ei2 + cdi+ gh2 + cfh)Z3
+ (dj2 + agj + afi+ abh + deg + be2)X2Y
+ (ej2 + aij + dei+ agh+ acf + cd2)X2Z
+ (fj2 + bej + abi+ bdh+ ag2 + efg)Y 2X
+ (gj2 + bhj + bei+ fgh+ cf 2 + bcd)Y 2Z
+ (hj2 + cdj + ai2 + dhi+ acg + cef)Z2X
+ (ij2 + cfj + fhi+ bh2 + cdg + bce)Y Z2
+ (j3 + agi+ efi+ dgh+ beh + cdf + abc)XY Z = 0.
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The following result was proved by Glynn [8]. (See also [1, Section 8].)
Proposition A.3 (Glynn). Assume that char k = 2. A point P ∈ C(kalg) is a flex on
C if and only if P lies on the Hessian curve He(C).
Proof. The assertion was proved by Glynn in [8]. In fact, when Jac(C) is ordinary
(i.e. j 6= 0), He(C) is the curve C((A′′+ |A|A)/a, a3+ |A|) in the paragraph preceding
[8, Theorem 3.14]. When Jac(C) is supersingular (i.e. j = 0), He(C) is the curve
C(ABA, |A|) in [8, Theorem 3.14]. 
The following proposition follows from Proposition A.1 and Proposition A.3.
Proposition A.4. Let k be a field of any characteristic. Let C ⊂ P2 be a smooth
cubic over k, and He(C) ⊂ P2 the Hessian curve of C. Let FlexC ⊂ C(kalg) be the set
of kalg-rational flexes on C.
(1) A point P ∈ C(kalg) is a flex on C if and only if P lies on He(C). In other
words, we have
FlexC = (C ∩He(C))(k
alg).
(2) The number of kalg-rational flexes on C is greater than or equal to 1, and less
than or equal to 9.
Proof. (1) The assertion follows from Proposition A.1 (2) when char k 6= 2, and
Proposition A.3 when char k = 2.
(2) Since both C and He(C) are cubics, the assertion follows from Be´zout’s theorem;
see [11, Chapter V, Example 1.4.2]. 
Combined with the results on the Jacobian variety Jac(C), we can give precise
results on the number of flexes defined over kalg. We can show, when char k 6= 3,
the number of kalg-rational flexes on C is exactly 9. When char k = 3, the number
of kalg-rational flexes on C is either 1 or 3. It is 1 (resp. 3) if and only if Jac(C) is
supersingular (resp. ordinary). (See Lemma 3.1 for details.)
Finally, we record the following results on Hesse’s normal forms of smooth cubics.
These results are presumably well-known to specialists. But the authors of this paper
could not find appropriate references. (Especially, the references which treat the case
of characteristic 2 or 3 are lacking.) Though we do not use these results in this paper,
they are useful for explicit calculations of flexes.
Proposition A.5. Let k be an algebraically closed field of any characteristic. Let
C ⊂ P2 be a smooth cubic over k.
(1) Assume that one of the following conditions is satisfied:
• char k 6= 3, or
• char k = 3 and Jac(C) is an ordinary elliptic curve.
Then, under a linear change of variables, the smooth cubic C is mapped into
a cubic defined by
X3 + Y 3 + Z3 + λXY Z = 0
for some λ ∈ k. (This equation is called Hesse’s normal form of the cubic C.)
(2) Assume that char k = 3 and Jac(C) is a supersingular elliptic curve. Then the
the smooth cubic C is never mapped into a cubic defined by Hesse’s normal
form by any linear change of variables.
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Proof. (1) Essentially the same argument as in the proof of [2, Lemma 2.1] works.
Here we briefly give a sketch the proof.
Take two distinct flexes P0, P1 ∈ C(k). (At this point, we use the assumption that
Jac(C) is ordinary when char k = 3. See Lemma 3.1 (3),(4).) Let L ⊂ P2 be the line
through P0 and P1. The third intersection P2 of C and L is different from P0 and
P1. Let GL ∈ k[X, Y, Z] be the linear form defining L. Let GP0, GP1 , GP2 ∈ k[X, Y, Z]
be linear forms defining the tangent lines of C at P0, P1, P2, respectively. Since the
divisors on C cut out by G3L and GP0GP1GP2 are the same, we have
aG3L + bGP0GP1GP2 = F
for some non-zero constants a, b 6= 0 ∈ k.
If char k 6= 3 and the three tangent lines of C at P0, P1, and P2 do not pass through
the same point in P2, as in the proof of [2, Lemma 2.1], we may put
GL = Z, GP0GP1GP2 = X
3 + Y 3 − Z3 + 3XY Z.
Changing the coordinate Z again, we obtain Hesse’s normal form.
If the three tangent lines of C at P0, P1, and P2 pass through the same point in P2,
by changing the coordinates appropriately, we may assume that
GL = Z, GP0GP1GP2 = X
3 + Y 3, a = b = 1.
The curve C is the Fermat cubic X3 + Y 3 + Z3 = 0. In particular, C is written as
Hesse’s normal form. (This case never occurs in characteristic 3 because C is smooth.)
Finally, if char k = 3 and Jac(C) is ordinary, we may assume that
GP0 = X, GP1 = Y, GP2 = Z.
Again by changing the coordinates, we may assume that GL = X + Y + Z, and we
obtain Hesse’s normal form.
(2) By Proposition A.1, a cubic defined by Hesse’s normal form has three distinct
flexes, [1 : −1 : 0], [0 : 1 : −1], and [1 : 0 : −1]. By Lemma 3.1 (4), this never occurs
when char k = 3 and Jac(C) is supersingular. 
Remark A.6. Let C ⊂ P2 be the cubic over a field k defined by
X3 + Y 3 + Z3 + λXY Z = 0.
It is smooth if and only if λ3 6= −27 (regardless of char k).
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